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A total variation diminishing (TVD) limiter is proposed that at-
tempts to maximize performance given that the inherent limitation
of TVD formulations is peak loss. For the scalar advection and Burg-
er's equation, the present results are qualitatively superior to those
using the harmonic and superbee limiters, balancing well the com-
peting effects of skewing, smearing, and squaring. In the case of the
Euler equations, the current results appear to significantly improve
upon previous TVD results and are quite comparable with more
elaborate algorithms. © 1997 Academic Press

1. INTRODUCTION

Control of oscillations in high-resolution schemes con-
tinues to be a topic of interest and importance. Many
methods are based on Harten’s concept of a total varia-
tion diminishing (TVD) scheme, which prevents, in the
scalar case, any values being generated after n + 1 time
steps that lie outside the range of those present after n
time steps. There are several other properties that are
loosely equivalent—positivity [21], the characteristic in-
terpolation property [15], or local extremum diminishing
[7]. If any of these conditions apply, then the amplitude
of any genuine extremum can only decrease, and there
is a progressive loss of information concerning high-
frequency waves.

To remedy this, Harten et al. [4, 5] introduced the idea
of essentially nonoscillatory (ENO) schemes, which allow
the loss of amplitude at one step to be regained at another.
Numerous comparison studies show that ENO schemes
preserve the high-frequency information better than TVD
schemes. Usually, however, the comparison is made with
an inferior TVD method.

This seems to have an historical origin. Early studies of
flux-limiter schemes [13, 16, 17, 22] were based on unsteady
analysis of the advection equation and retained the
Courant number v = a At/Ax as a parameter in the analysis,
leading to constraints (the notation is defined later)

. 2 2r
®(r) = min <1 — V,—>.
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For the most part, the analysis was subsequently applied
to finding steady solutions as the large-time limit of a
(pseudo) unsteady flow. Retaining the dependence on the
Courant number shows little advantage in these circum-
stances, and the simplified condition

®(r) = min(2, 2r)

is more economical. Additionally, if the limiter has the
symmetry property

o (1) ~Loe),

then simplified reconstruction techniques [23] can be used
that reduce the computational cost.

These simplifications do, however, reduce the effective-
ness of TVD schemes in their original setting of unsteady
flow, and it is these simplified schemes that have usually
been compared with ENO schemes, much to the advantage
of the latter. The object of the present paper is to point
out that TVD schemes, as originally conceived, are not in
fact inferior to the simpler kinds of ENO schemes and can
be substantially cheaper. We do not wish to over-sell the
product and readily concede that elaborate ENO schemes
can give superior performance. We do, however, wish to
correct the impression that TVD schemes are without merit
for unsteady flow.

The cost of the proposed limiter is one call each to the
max and min functions, the same as for the minmod limiter.
This limiter is now new [12, 16] and has recently been
suggested by Jeng and Payne [8] as a basis for an adaptive
limiter with shock-detection features. Neither is it perfect;
there is a limit (pun intended) to what can be accomplished
with the fixed stencil of a TVD scheme. Having said that,
it does perform much better than the TVD schemes pres-
ently in common use.

2. DESIGNING THE LIMITER

Ideally, a limiter should possess the following properties:
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1. be a homogeneous function

2. satisfy the TVD constraints

3. Dbe as accurate as possible in smooth regions
4

. revert to the underlying first-order scheme at ex-
trema and discontinuities

5. be computationally simple and economical
6. convert smooth profiles without undue distortion
7. convect discontinuities without much smearing

8. accomplish all of the above for a wide range of
Courant numbers.

To be successful at all Courant numbers, it is highly
probable that some dependence on this parameter must
be retained. The behavior of the superbee limiter near the
point (1, 1) is designed [13] to bestow a discontinuity-
capturing property for linear waves. It has proved difficult
to retain this without also having to accept a tendency
to “square off” smooth profiles, but if this is tolerable,
superbee remains a good choice. An alternative criterion
for the behavior near (1, 1), also noted in [13], is to choose
the unique slope at that point that gives third-order accu-
racy in the one-dimensional constant coefficient case. This
leads to a class of limiters given by

D(sy, 52, Prax, ¥) = max[0, min{s;r, 1 + s,(r — 1), Ppaet]-

This function is made up of three straight-line segments,
two of which are fully determined by the TVD constraints,
ie., sy = 2/v and ®,,, = 2/(1 — v). The segment that
remains to be determined is the middle one. Observe that
it must pass through the point (1, 1) in order to revert to
the second-order scheme in smooth regions. We choose s,

U -

to be the slope corresponding to the third order scheme
at the point (1, 1) in (r, ®) coordinates, viz.,

1+v
S2:< 3 )7

which fully determines the proposed limiter function. This
limiter function was used by Roe and Baines [12, 16] almost
15 years ago. More recently, this function was utilized by
Jeng and Payne [8] in the context of an adaptive limiter;
because of the stress placed on discontinuity capturing in
[8], the authors perhaps undervalued it as a general-pur-
pose limiter. Although TVD schemes in general cannot be
better than second-order accurate, this particular limiter
bestows some properties characteristic of third-order
schemes. Experiments reported in [12] demonstrated that
for linear advection the width of a discontinuity in the
initial data spreads like r!/4, rather than the ¢!/* typical
of second-order methods. This is reflected in the excellent
resolution of contact discontinuities in the results below.

Note that the stability restriction on the method is simply
[y = 1.0.

For non-linear systems, the full TVD region has been
empirically found to be too compressive and hence we use
the more restrictive TVD constraints of s; = ®,,,, = 2 for
the nonlinear waves while using the full TVD region for
the linear waves. This bound could probably be relaxed
for problems involving only weak shocks. This is analogous
to the popular implementation of using the harmonic lim-
iter on the non-linear waves and the Superbee limiter on
the linear waves. Researchers who follow this practice
might find that the present limiter would also be an appro-
priate choice for the linear fields.

(2.1)
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FIG. 1. Solution to the scalar advection equation for a square wave: uy = 1if (a + 1) = x/Ax = (b — 1) (up = 0 otherwise) where b — a = 20
[exact (solid line), harmonic limiter (—--), superbee limiter (---), and the proposed limiter (0)]. Left-hand figure: t = 9, » = 0.1, 9000 time steps.

Right-hand figure: t = 9, v = 0.75, 1200 time steps.
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FIG. 2. Solution to the scalar advection equation for a sin® x wave u, = sin? [7(x/Ax — a)/(b — a)] if a = x/Ax = b (uy = 0 otherwise) where
b — a = 20 [exact (solid line), harmonic limiter (---), superbee limiter (---), and the proposed limiter (0)]. Left-hand figure: ¢+ = 9, v = 0.1, 9000

time steps. Right-hand figure: t = 9, v = 0.75, 1200 time steps.

3. SOME REMARKS ON IMPLEMENTATION

We write the flux at the interface between cells j and
j + 1, in terms of the eigenvalues and eigenvectors of the
Roe-averaged matrix [14], as

1 1
Fipn= 5 [F;+ Fia] — 52 o | Age| i

3.1)
1
+ 52 Dp(1 — | vl o] A|re,

where the first term is a symmetric (central) flux, the second
term gives the basic upwind scheme, and the third term
can be thought of as an anti-diffusive flux, depending on the

U

T
T
Ax

limiters @, . Setting these to unity gives the Lax—Wendroff
scheme. For linear problems on uniform grids the input
to the limiter is the ratio of the upwind to central slopes
in the data,

. Auj—l/z
Fiviz = A s
Uji1/2

AM,-+3/2

Fiviz =

b
Au,'+1/2

where r* is to be used if the wave is right-moving (between
j,j + 1), otherwise r~ is used.
Limiting based on the reconstruction of characteristic

o4

FIG. 3. Solution to the scalar advection equation for a half-ellipse wave u, = [1 — H(x/Ax — (a + b)/2)/(b — a)}*]"?if a = x/Ax = b (uy = 0
otherwise) where b — a = 20 [exact (solid line), harmonic limiter (---), superbee limiter (---), and the proposed limiter (0)]. Left-hand figure: t =
9, v = 0.1, 9000 time steps. Right-hand figure: t = 9, v = 0.75, 1200 time steps.
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FIG. 4. Solution to the scalar advection equation for the aeroacoustic benchmark u, = 3 exp[—log(2) - (x/3)*] 0 = x = 100 [exact (solid line),
harmonic limiter (—-—), superbee limiter (---), and the proposed limiter (0)]. Left-hand figure: t = 400, v = 0.1, 8000 time steps. Right-hand figure:
t = 400, v = 0.8, 1000 time steps.

—1.25
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FIG. 5. Solution to the scalar advection equation for Harten’s function [3]. Left-hand figure: exact (solid line), superbee limiter (+), » = 0.8,
t = 2,100 cells, 125 time steps (compare to results in [8]). Right-hand figure: exact (solid line), superbee limiter (o), » = 0.8, ¢ = 1, 40 cells, 50 time steps.
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FIG. 6. Solution to the scalar advection equation for Harten’s function [3]. Left-hand figure: exact (solid line), present limiter (+), v = 0.8,
t = 2,100 cells, 125 time steps (compare to results in [8]). Right-hand figure: exact (solid line), present limiter (0), v = 0.8, r = 1, 40 cells, 50 time steps.
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FIG. 7. Solution to Burger’s equation for two weakly nonlinear test functions [exact (solid line), harmonic limiter (—--), superbee limiter (---),
and the proposed limiter (+)]. Left-hand figure: uy = 1 + 0.01 cos(2@x), x € [0, 1], t = 15, v 0.1, 60 cells (Ax = 1/60), after approximately 9000
time steps (compare to results in [11]). Right-hand figure: u, = 10 + 0.6 exp[—log(2) - (x/5)?], x € [—50, 50], t = 10, v = 0.1, 100 cells (Ax = 1),
after approximately 1100 time steps. Only the part of the solution close to the disturbance is shown.

variables would take the input as the ratio of wavestrengths
«a. Here, we take

_ (e |Vk|)VkOék)/—1/2

rj++1/2,1< = s
- |V1<|)Vkak)j+1/2

((1 - |Vk|)Vkak)/+3/z
((1 - |Vk|)Vkak)j+1/2'

Viv12,k =

These definitions are suggested by a nonlinear scalar analy-
sis [13, 22] and we find that they give minor but noticeable
improvement over the simpler definitions.

In numerical tests with the Euler equations, a modified
time-step

was used, as suggested by Huynh [6]. The reasoning is
that, for all self-similar problems, the time step should be
constant. However, the first few time steps based purely
on the CFL condition turn out to be too large, leading to
large “‘starting errors.”” This modification to the time step
for the first nine steps was shown by Huynh to minimize
this problem.

4. NUMERICAL EXPERIMENTS

4.1. Scalar Advection

u, + u, =0, u(t = 0) = uy.

The boundaries are periodic. We compare solutions for the
harmonic and superbee limiters to those of the proposed

Ars = Af1 — 0.01(10 — n)?], n=09, limiter for a square wave (Fig. 1), a sin® x wave (Fig. 2), a
1 p 3
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FIG. 8. Solution to the full Euler equations for the Sod test case. We plot density (left) and internal energy (right) [exact (solid line), proposed
limiter (+)], wr = (p, u, p)T = (1,0, )7, wg = (p, u, p)* = (0.125, 0, 0.1)7, r = 0.2, Ax = 0.01 (100 cells), » = 0.8 (compare to results in [8]).
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FIG. 9. Solution to the full Euler equations for the Lax test case. We plot density (left) and internal energy (right) [exact (solid line), proposed
limiter (+)], w. = (p, u, p)* = (0.445, 0.698, 3.528)", wr = (p, u, p)* = (0.5, 0, 0.571)7, t = 0.16, Ax = 0.01 (100 cells), » = 0.8 (compare to results

in [6]).

half-ellipse wave (Fig. 3), and a standard test case for
aeroacoustics [2] (Fig. 4). Finally, we compare the superbee
limiter (Fig. 5) to the proposed one (Fig. 6) on Harten’s
test function [3]

—x sin (3mx?) —1l=x<-}
uo = 1§ |sin(2mx)| x| <3
2x — 1 — §sin(3mx) l<x <.
4.2. Burger’s Equation
w, + [?2), =0, u(t=0) = u,.

The boundaries are periodic. We compare the harmonic,
superbee, and proposed limiters for two weakly nonlinear
test cases (Fig. 7). Note that the results for both cases are
presented just prior to shock formation to provide a worst

0.5
—0.20

case scenario (once the shock forms, the peak losses are
swept into the shock and schemes appear better than they
really are).

4.3. The Euler Equations

w,+f =0,
W, x<0
w(t=0)=w,=
Wgr x>0
w2
w = (p, pu, pE)7, E=e+3

= (pu, pu’ + p, puH)", p = (y — 1)pe

Sp
i
v=2

We use absorbing boundary conditions and the results are

=1
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|
(S}
<
[534

FIG. 10. Solution to the full Euler equations for the Mach 3 test case. We plot density (left) and internal energy (right) [exact (solid line),
proposed limiter (+)], w, = (p, u, p)* = (3.857, 0.92, 10.333)7, wgp = (p, u, p)* = (1, 3.55, 1), t = 0.09, Ax = 0.01 (100 cells), » = 0.8 (compare

to results in [6]).
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FIG. 11. Solution to the full Euler equations for the Shu-Osher test case. We plot density [exact (solid line), proposed limiter (+)], w, =
(p, u, p)* = (3.857, 2.629, 10.333)7, wp = (p, u, p)* = [1 + 0.2 sin(5x), 0, 1]%, ¢t = 1.8, Ax = 0.05 (200 cells), v = 0.5 (left) and 0.9 (right) (compare

to results in [1]).

shown for the proposed limiter with restrictive limits of
s; = 2 = &, on the nonlinear waves and the full TVD
limit on the linear waves. Benchmark results are presented
for the Sod (Fig. 8), Lax (Fig. 9) and Mach 3 rarefaction
(Fig. 10) cases. The results in Figs. 8, 9 appear to be a little
cleaner than those in [10], especially at the contact, and
these in turn are generally better than the second- and
even fourth-order results in [4].

Finally, we show three sets of results for the Shu—Osher
case [20] (Figs. 11-13). We require 800 points to produce
a convincing solution to this problem, whereas a (much
more elaborate) ENO scheme can do about as well with
only 400 points [18]. Jiang and Shu [9] have recently sug-
gested that the quality of the transmitted entropy wave is
a good measure of fidelity for the solution of this problem.

o

s
T
P

e

0.5
—4

They show (with slightly modified problem parameters)
excellent agreement with the transmission coefficient pre-
dicted by small disturbance theory and negligible attentua-
tion of the transmitted wave, using about 20 grid points
per wavelength. We get similar quality with about 40 points
per wavelength, whereas [9] shows significant attenuation
from a “typical second-order scheme” [10] using 50 points
per wavelength. This places our scheme about halfway
between ‘‘typical second-order schemes” and ‘“‘elaborate
ENO schemes,” a placing with which we feel comfortable.

5. DISCUSSION AND CONCLUSIONS

A natural consequence of using a TVD formulation is
some peak loss and flattening of profiles. This work at-

|
- 2

x

—4

FIG. 12. Solution to the full Euler equations for the Shu—Osher test case. We plot density [exact (solid line), proposed limiter (+)], w, =
(p, u, p)" = (3.857, 2.629, 10.333)", wg = (p, u, p)" = [1 + 0.2 sin(5x), 0, 1], r = 1.8, Ax = 0.025 (400 cells), » = 0.1 (left) and 0.8 (right) (compare

to results in [11]).
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FIG. 13. Solution to the full Euler equations for the Shu-Osher test case. We plot density [exact (solid line), proposed limiter (+)], w, =
(p, u, p)" = (3.857,2.629, 10.333)", wg = (p, u, p)” = [1 + 0.2 sin(5x), 0, 1]7, ¢ = 1.8, Ax = 0.0125 (800 cells), » = 0.1 (left) and 0.9 (right) (compare

to results in [11]).

tempts to maximize performance given these inherent limi-
tations.

From the results presented for scalar advection and
Burger’s equation, it is clear that the proposed limiter is
better qualitatively than the harmonic and superbee limit-
ers (except for the square wave, where superbee is prefera-
ble). It has superior shape-preservation properties across
a wide range of Courant numbers, and appears to be a good
compromise between the competing effects of skewing,
smearing and squaring. Further, the results for the Euler
equations demonstrate that the limiter proposed here is a
significant improvement over previous results for TVD
schemes (including those shown in [8]), and is quite com-
petitive with the simpler ENO schemes [1]. Further, our
results are almost as good as those obtained by far more
elaborate algorithms [11, 6]. Taking into account the fact
that this function costs only as much as the minmod limiter
and does not expand the computational stencil, it becomes
an attractive candidate and can easily be incorporated into
existing codes. Note that TVD schemes are more economi-
cal than ENO schemes, including efficient implementations
of ENO schemes [19, 20]: lower computational cost
(smaller number of operations as well as absence of optimal
stencil searches and related logic), less restrictive time-
steps and lower storage requirements. Finally, the results
presented here provide a convenient set of (more accurate)
TVD benchmark test cases for researchers to compare
their results against.
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